We apply Bott's method to the calculation of Betti numbers of isospectral manifolds. Necessary properties of Toda flows, including a description of the phase portrait, are given with complete proofs.
Introduction
In the present note we show that Bott's method for the calculation of the Betti numbers of adjoint orbits of compact Lie groups [2, 3] can be naturally extended to the case of more general isospectral manifolds. These manifolds appear as a generalization of the manifold of tridiagonal symmetric matrices with a fixed spectrum [4, 8] . We use generalized Toda flows [12] [13] [14] (following mainly [8] ) as an important technical tool. In particular, we describe complete phase portraits of generalized Toda flows and, as a consequence, show that these dynamical systems (and their discrete analogues, so-called QR-algorithms) possess the Morse-Smale property, i.e., are structurally stable (see in this respect also [4] ). The obtained formulas for Betti numbers of isospectral manifolds are direct generalizations of those for adjoint orbits of compact Lie groups [3] .
Phase portrait of Toda flows
Let (L, [ , ] ) be a real Lie algebra of a semisimple noncompact Lie group G with a finite center. Throughout this paper we fix a Cartan involution 0 : L -> L and the corresponding Cartan decomposition L = K®P, where K is a Lie algebra of a maximal compact subgroup U of G. We denote as ( , ) the Killing form of L and as ( , ) the corresponding (positive definite) scalar product (1) (x,y) = -(x,0y).
We also fix a maximal (commutative) subalgebra A c P and the corresponding decomposition
aGA where A is a restricted root system on A (see [11] in connection with necessary Lie-algebraic notions). Let C be a Weyl chamber in A and A+ (A-) be the set of positive (negative) roots relative to this chamber. Consider the Iwasawa decomposition of L Proof. Let p: L -> L be the projection onto A®^2{La: a e A+} along K (see (2) Given p e P, denote as O(p) c P the orbit of p under the adjoint action of U on P. Since U is a compact Lie group, every orbit O(p) is a smooth manifold. Denote as Tq(0(p)) the tangent space to 0(p) at a point <? e 0(p). Clearly Tq(0(p)) = {[q, £] : £ e 7v}. This implies Lemma 2. 7? very orbit 0(p) is an invariant manifold for the dynamical system (4). As is known (see, e.g., [11] ), for every p e P the set A n 0(p) is nonempty, finite, and coincides with an orbit of the Weyl group W , i.e., A n 0(p) = Wq , where q is a unique element of C n O(p) (we denote as C the closure of the Weyl chamber C).
We need the following simple Lemma.
Lemma 3. Given p e P, let O(p) n A = {ax, ... , ak} for some fc e N. There always exists n e C such that (a¡, n) ^ (a¡, n), provided i ^ j. Proposition 2. Let x(t) be a solution to (4) such that x(0) = p. Then x(t) -* p±, t -y ±oc, for some p± e A n 0(p).
Proof. By Lemma 3 there is « e C such that («, a) # («, 6) for every a, b e A n 0(p), a ^ b . The function /(x) = (x, «) is a Lyapunov function for (4) on O(p) by Lemma 1. The result follows now by a standard reasoning.
Remark. Proposition 2 is well known (compare with [10] ). But our proof seems to be new. We will use the Lyapunov function x -► (x , «) as a main technical tool throughout this paper. Let M (M*) be the stabilizer (normalizer) of A in U. Then the Weyl group W of L (relative to 6, A) is isomorphic with M*/M (see [11] ). Let G a and TV be connected Lie subgroups of G with Lie algebras A and ¿~^{La: a e A+} , respectively. We denote as 73 the Borel subgroup MGAN. As is known (see (Bruhat decomposition of G/73). These sets (which, in fact, are submanifolds of G/73) are called the Bruhat cells of this decomposition. We obtain a Bruhat decomposition of 0(p), p e C, with the help of the isomorphism cp :
w€W Proposition 3. The Bruhat cells (9) are invariant manifolds for the dynamical system (4).
Proof. Let x0 e 0(p), p e C and exp(x0i) = Q(t)R(t), where (el, Q(t) e U, R(t) e GaN . There is such a unique decomposition (Iwasawa decomposition, see [11] ). Then x(t) -Ad(Q(t)~x)-x0 is the solution to (4) such that x(o) -xo (for a proof see [10] ). There is Qo e U such that Ad(ß0"1) -p = xn .
Here we used that exp(-pt) -o = o, p e A . Now R(t) e GaN c 73. Whence cp(x(t)) belongs to the 73-orbit of cp(xo).
Let There is a unique element wm e W such that wm-A+ -A~ (see, e.g., [11] ). In particular, the following Bruhat decomposition occurs: As in the case of proposition 3, we have that cp(x(t)) belongs to the 73u-orbit of cp(xo), where u = wm . Thus, we proved: The isomorphism cp: 0(p) -> G/73 enables us to carry over the vector field Xn to the 0(p). We denote this vector field as Y" . Proposition 6. Given neC, the following holds: Proof. Denote as Aw: Twp(0(p)) -> Twp(0(p)) the linearization of the dynamical system (4) at the equilibrium point w-p.
Clearly Aw is the restriction of the linear operator £ -y [wp, n(c¡)]: P -> P to Twp. We have Twp(0(p)) = £q€A+ Fa . Let (4 -0<L) eFa,tiaeLa.
Then Aw(t\a -Qt\a) = (see, e.g., [11] ). Here u = w" . Thus, dimC(u>) = ind(wp) by Proposition 7. If we denote as S(wp) the stable manifold of (4) on the O(p), then, what we have proven means that there is a neighbourhood V'(wp) of the point wp in P such that V'(wp) nS(wp) = V'(wp) n C(w). This holds for every w e W. If x e C(w) and F(t,x) -> wx-p, t -> +00, then for sufficiently large /, F(t, x) e V'(wx -p) C)S(wx -p) and hence F(t, x) e C(wx). But by virtue of Proposition 4, F(t,x)eC(w).
Thus, C(wx)nC(w) ¿ 0 , i.e., C(wx) = C(w) and wx -w . This proves that S(wp) = C(w), w e W. The proof for the case of unstable manifolds is similar (but relies upon Proposition 3 instead of Proposition 4).
Remark. The idea of this proof is due to Atiyah and Bott [ 1, Proposition 1.19 ].
Corollary. The Toda flow (4) on the orbit 0(p), p e C, is a Morse-Smale vector field.
Proof. We must show that stable and unstable manifolds of (4) Remark. The so-called ßT-i-algorithm associated with (4) can be described as a discrete dynamical system on Yl = exp(P) as follows. If F : R x P -> P is the flow of (4) and G: Z x n -> n is the flow of the associated (27?-algorithm, then G(fc, expx) = exp(F(fc, x)), keZ, xeP, (see, e.g., [4, 10] ). This implies that ß7?-algorithm, associated with (4) is a Morse-Smale dynamical system on the every orbit Or(p) = exp[0(p)]. This is clear because exp maps P diffeomorphically onto n.
Remark. Theorem 1 along with Corollary for the case L = sl(«, R) was proved in [6] with the help of a different technique [5, 7] . Let F : R x P -> P be the flow of the dynamical system (4) and x e 0(p) n Wk'.
By Proposition 2, F(x, t) -y wp, t -> +oo , for some w e W. Denote as Ft: P -y P the mapping Ft(y) = F(t,y), t € R. By Proposition 1, Ty(F,) maps îj-(if^) = Wk isomorphically onto TF(t,y)(Wk) -Wk. By Lemma 2, uK(Ft(x)) = vk(x). Hence For sufficiently large t, TF(ttX)(vk) is a surjection because Twp(vk) is a surjection and T^x) -> wp, t -* +oo. By (11) we obtain that Tx(vk) is also a surjection. Thus, we have proven that vk is a submersion at every point x elk. This implies that Ik = vkx(vk(p)) is an orientable manifold; dim7fc = dim Wk -dim A . Let us observe that 0(p) and Wk intersect each other transversally at the points wp., w € W• In particular Twp(Ik) = Twp(0(p)) n Wk , i.e., (12) Twp
Remark. The idea of this proof is due to Fried [8] , who considered the case L = sl(«, R).
Corollary. For every fc > 1, Ik is a connected manifold.
Proof. Let Yk be the restriction of the Toda vector field (4) to Ik . As in the proof of Proposition 7 (taking into account ( 12)) we show that the index of Yk at wp , which we denote as ind^u;/?) takes the form indk(wp) = y^{dimLa; a e A+, u;~1(a)eA+, h(a) < k} .
In particular, there is exactly one stable equilibrium point p and ind^/?) = dim Ik . Indeed, if w ^ e, then there is a e A+ (a simple positive root relative to C) such that w~x(a) < 0 (see, e.g., [11] ). But (a e A+) => (h(a) = 1 < fc). Clearly the stable manifold of p on Ik is an open, dense, and connected set in Ik . In particular, Ik is also a connected set.
Let p e C and / be a smooth function, defined on some open neighbourhood of the orbit O(p). Consider the problem (13) /(<?)-min, qeO(p). Consider the special case of the problem (13): f(q) = fn(q) = (n,q), ne C. By Proposition 9 the stationary points are determined by the condition [q, «] = 0, q e 0(p), i.e., the set of stationary points coincides with AnO(p) = W -p . Our ultimate goal is the following problem (16) («,<7)-min, q e (0(p) n Wk) = Ik, fc>l. Let L be the Lie algebra of a complex semisimple Lie group. We consider L as a Lie algebra over R. But L is endowed with a complex structure. Proof. By Proposition 10 in this situation all indices ind Hk(wp) are even. Hence /" is a perfect Morse function on Ik (see, e.g., [1] ). The expression for Betti numbers follows from (18). From the proof of Corollary of Proposition 7 we know that the restriction of the Toda vector field to Ik has exactly one stable equilibrium point whose stable manifold is open, dense in Ik and is clearly simply connected. In the situation considered stable manifolds of other equilibrium points have codimensional greater or equal to 2. Thus, Ik is itself simply connected.
Remark. The Betti numbers (19) coincide with those of a so-called Hessenberg varieties (see [9, 15] ). This is not accidental because isospectral manifolds Ik and corresponding Hessenberg varieties coincide modulo action of a toral group.
Remark. If L is the Lie algebra of a complex semisimple Lie group as above, we can consider the real split form Ls of L, Ls = (¿~^aeARea) © 77R . If we take Ks= ^ R(ea-e-a), Ps = HR ® ^ R(ea + e-a), a€A+ a€A+ A = 77R, we obtain a Cartan decomposition for Ls. As it follows from the results of [4, 8] , the function /" on 7» in this situation is also a perfect Morse function. It seems that the case of a general semisimple Lie algebra over R can be considered with the help of the technique developed in [1] .
Concluding remarks
In the present paper we have described a complete phase portrait of a generalized Toda flow on a semisimple noncompact Lie algebra over R and of a corresponding QT-i-algorithm. In particular, we have shown that these dynamical systems possess the Morse-Smale property (e.g., structurally stable). We have applied the results obtained to the study of topological properties of isospectral manifolds Ik that are natural generalizations of the isospectral manifold of tridiagonal symmetric matrices. The study of these manifolds is a necessary preliminary step towards a solution of the inverse spectral problem for the situation considered.
